
M O T I O N  O F  A C R A C K  A T  C O N S T A N T  V E L O C I T Y  

P .  A .  M a r t y n y u k  a n d  V.  F .  T a r a s o v  

We s o l v e  the  p lane  s e l f - s i m i l a r  B r o b e r g  p r o b l e m  [1] of  the  p r o p a g a t i o n  of  a c r a c k  f r o m  z e r o  at  
c o n s t a n t  v e l o c i t y  under  the  in f luence  of a c o n s t a n t  t e n s i l e  s t r e s s  p~ A s  in [2], we m a k e  two a s s u m p t i o n s  
r e l a t i v e  to the  end r e g i o n  of the  c r a c k  s u r f a c e  (F ig .  1) and the  d i s t r i b u t i o n  of  c o h e s i o n  f o r c e s :  

1) the  end  r e g i o n  of  the  c r a c k  s u r f a c e ,  w h e r e  the  e x i s t e n c e  of  c o h e s i o n  f o r c e s  is  i m p o r t a n t ,  e xpands  
a t  a c o n s t a n t  v e l o c i t y  (1 -co)  V, w h e r e  0 < a<  1; 

2) the  c o h e s i o n  f o r c e  d i s t r i b u t i o n  funct ion  for  the  end r e g i o n  of  the  c r a c k  i s  a p p r o x i m a t e d  by the  
c o n s t a n t  %. 

We have  the  equa t ions  of m o t i o n  

aecp t 0~ e~ 2 t - -  2v 
A~=--3u h * =  k~ Or e ' *=t i t ,  k~=cl  2 - 2 ~ <  ~ 

H e r e ,  c 1 i s  the  long i tud ina l  wave  v e l o c i t y  and c 2 i s  the  t r a n s v e r s e  wave  v e l o c i t y .  

The  func t ions  cp and r a r e  g iven  by the r e l a t i o n s  

qD (x. z, *) = div u (x, z, z), ~ (x, z, T) y = rot u (x, z, x) 

w h e r e  u (x, z, r )  i s  the  d i s p l a c e m e n t  v e c t o r .  I t  is  r e q u i r e d  to f ind the  so lu t i on  of  the  p r o b l e m  of the  t h e o r y  
o f  e l a s t i c i t y  wi th  z e r o  in i t i a l  da t a  and the  b o u n d a r y  cond i t i ons  

- - P  lzl<:~;~ at z=0 ,  T > 0  
* , z  = - -  ( p - -  qo) ~o* < :  I z l <13o*  

Crzx= 0 at ] x ] < o o  z =  0, T~> 0 (]3o= Vo/cl, ?o =a~o) 
uz=O at Izl::>~o* 

It i s  r e q u i r e d  tha t  the t e n s i l e  s t r e s s  Crzz be f in i te  in the  n e i g h b o r h o o d  of the  t ip of  the  mov ing  c r a c k .  

In c o n s t r u c t i n g  the so lu t i on  of  the  p r o b l e m  we fo l low B r o b e r g  [1]. We s t a r t  by so lv ing  the two p r o b -  
l e m s  of f ind ing  the  02Uz/O 72 of  po in t s  of the  s u r f a c e  z = 0 under  the  ac t i on  of  the  l o a d s  

--  IxI<ToT] 

I O, I x l >  130.) 
e z x = O  at I z l < ~ , z = O , x > O  

at . =  o, , > o  (1) 

and  

O, I x t <  ~om] 
d~z~= --q'(~)d~, f3oT<lzl<13* [ at z-----0, ~ < 0  

t0 ,  1~I>13. J 
% x = O  at Ixl<or z = O , z > O  

(2) 

The s t r e s s e s  g iven  by (1) and (2) a r e  s u p e r p o s e d  in such  a way tha t  a2Uz/3T2 = 0 fo r  Ix[ > f l 0 r a t  z = 0, 
which  l e a d s  to a s i n g u l a r  i n t e g r a l  equa t ion  fo r  t he  func t ion  qr (fl); a s  d i s t i n c t  f r o m  the  ana logous  equa t ion  in 
[1], we have  
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1 
(~) ~ (~) + ~ _  ~ b (0  ~ (,~) d~ = g (~) 

x ~ / x  ~ = r, ~ = s, q' (~) =(~(s) ,  b(r)  = r - - ~ o  ~ 

Im F (~-~) I 0 (IBo ~ < r < k~) 
a ( r ) = - -  R e F ( r - Z )  ( r - - ~ ~  ~) ( k ~ < r < : l )  

4~  V( I  ~ r) ( r - -  ~)  g (r) - -  
( r - -  2k~) ~ 

1 
K ( r ) =  2 ( p ~ - q o )  ^ . t (' ] / ' s - - [ ~ o  2qo~'o r - - [ 3 3  ~ 

- ~o+--~- " - - -=-- - -r  - - K - t -  - -  

(r) = 
( %  ~-~ - -  r~)~ + ~ V ~ - -  r~ V ~  - ~ 

[2qo~;o r - -  ~o ~ 

(3) 

T h e  g e n e r a l  s o l u t i o n  o f  Eqo (3) i s  w r i t t e n  i n  t h e  s a m e  f o r m  a s  i n  [1],  e x c e p t  t h a t  t h e  f u n c t i o n  K ( r )  

e v e r y w h e r e  r e p l a c e s  t h e  c o n s t a n t  K~ A s  a r e s u l t  o f  i n t e g r a t i o n  a n d  a l g e b r a i c  t r a n s f o r m a t i o n s  w e  o b t a i n  

~ _  ] (r) [r + (ks ~ --  ~o~)1 
q) (r) = Q ~- Q~ r ]_(r)kse - -  A r (r - -  To e) (~o e < r < k e) 

h(r) h(r) h(r)[r+(k~--g~ ( k ~ < r < t )  
r  Q ~ @ Q ~ - - A  r ( r - - ' f o  ~) 

] (r) = ] f ( t  r)  (r  - -  ~o~) a , ks e I cz ~ 

(r - -  2k~) ~ 2 qo'(o (~(o ~ - -  [3o ~) 1/(1 - "~$') ([3o ~ - -  To ~ 
fz (r) = l / ( l  __ r) (r - -  ~30e) a ' A - -  ~ ks~. (ks~ __ q(0~ ) 

H e r e ,  c s i s  t h e  v e l o c i t y  o f  t h e  R a y l e i g h  s u r f a c e  w a v e s .  .. 

B r o b e r g  [1] s h o w e d  t h a t  f o r  s a t i s f a c t i o n  o f  t h e  c o n d i t i o n  u z = 0 a t  [x l  > fi0 ~" i t  i s  n e c e s s a r y  t h a t  Q1 = O; 

t h i s  l e a d s  t o  t h e  e q u a t i o n  

1 Q _ 2 (p~qo)~3o -{- - ~  I ~ r  + 2 qo~o_~___~ A 

~o ~ 

A s s u m i n g  t h a t  c o n s t a n t  Q i s  k n o w n ,  w e  f i n d  ~ z z  f o r  [x ] > f~0 ~', S i n c e  

d~zz = -- q' (~I) d~, q' (~) = r (r) 

w e  h a v e  

(4) 

1 
t ~ (P(r) dr 

S e t t i n g  I x ] / ~ "  = ~, a f t e r  i n t e g r a t i o n  w i t h  /?0 < ~ < k w e  o b t a i n  

Q { ~ [4k 3 (l - -  ~o ~) V k~ - -  ~2 _ (~3o~ _ 2k~)2 V i - ~]  
~(~)= ~o~(i~o ~) ~o ~ 1 / ~  

.~ 4k~ V ~2 - ~o ~ [ 1 / ~  _ ~ _ k V t ~ - ~ ]  - [~o ~ (i .-- 4k e) + 4kq F (X~, q~) 
~o~ 

i 
+ ~ [~o ~ - -  @~ (t § k~) ~o ~ + Sk'l E ( ~ ,  q~) § 4k~ (t - -  ~o ~) F ( ~ ,  q~) 

- -To~ ( t - - ~ o ~ ) E ( ~ ,  q~) + (~o~_~o~)0_~o~) ~o~ [ 4 k ~ ( l - - ~ o ~ ) V k ~ - - ~  

- -  (~o ~- - -  2k~)~ I f  ~ - - - - ~  "~ ] - -  [~3o ~ ( l  - -  4k  ~) - -  ~fo ~ ( i  - -  ~3o ~) + 4k  ~] F ( )~ ,  q~) 

+ (~o ~ - -  2~)~ 4 ~  (~ ~ ~o ~) ~ ( ~ ,  q~) 
~o,Z E(~I, q~)+4k~(i--~3o~)F(~, q~)-- ~o ~ 

_ q~ ( t  - -  ~o ~) 
--4k~(t  ~3o ~) H(;~k, --• ) + ~ ( T o  ~ -  2k~) ~ H ( ~ ,  --• q~)} 

A ( ~  - -  ~o:) { ~. [4~ ~ (~ - -  130 ~) g ~ - -  ~? - -  (~o ~ - -  2~)~ V{ - -  ~.~1 
+ ~o ~ (I ~o~ - ~o ~) (~ - 13o~) 1~o ~ g ~  

4k~ ( [ ~ -  ~o ~) (l - -  ~o ~) 
+ r ~ V~_t3o~[~  V V ~ - ~ -  V ~ - ~ - - ~ 1 -  (13o~-- 2~)~ F (~,  q~) 

(5) 
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F i g ,  1 
H e r e ,  

+ ~o ~ (To e + 4k~) --  @o~k ~ (7o ~ + k s + k:'~o~) + 8k~To~ 
[3o e To~ E (~4, qO 

+ 4k~( 1 --~0~) F (~,  qk) 4k~ (2T~176 (t --~~ 
~o,~o~ E (~,~;, q~) 

i (~o~--2k~-) ~ //(;~, --• q~) 4k~~176 H()~., --• q~)} 
t - -  ~'o ~ ~o ~ 

F,  E,  a n d  II a r e  e l l i p t i c  i n t e g r a l s  

(5) 

t0 

g.0 

' "  

e~ 
a~5 ~.d g T# / 

F i g .  2 

)~=arcs in \ /~_~0~]  , q~= t - -  , •  ~ ( f = l , k )  

T h e  e x p r e s s i o n  for  ~zz  (~) wi th  k < ~ < 1 i s  o b t a i n e d  f r o m  (5) by  e l i -  
m i n a t i n g  the  i m a g i n a r y  t e r m s  and  the  t e r m s  wi th  F (Xk, qk),  E (Xk, qk ), 
II (kk, - n k ,  qk  )~ E q u a t i o n  (4) f o r  the  c o n s t a n t  Q can  be r e w r i t t e n  in  the  f o r m :  

i 
t Q : ~ I  2 ( p - q o ) ~ ~ 1 7 6 1 7 6  I ~ s - - ~ o  f(s)[S~s(ks~--Toe)] ds] 

1 

i g~-~o /(~) ~, (~0 ~) = ~ - f (~o~) v (~o ~1 = g ~  - 7 -  d~ (6) 

T h e  d e n o m i n a t o r  of the  f r a c t i o n  w a s  found  by  B r o b e r g ;  t he  i n t e g r a l  i n  the  n u m e r a t o r  i s  s i m i l a r l y  e v a -  

l u a t e d .  T h e  e x p r e s s i o n  for  Q, found  f r o m  .(6), i s  s u b s t i t u t e d  in  ~zz" A s  s e e n  f r o m  (5), t he  s o l u t i o n  o b -  
t a i n e d  h a s  a s i n g u l a r i t y  o f  t h e  o r d e r  of  s - l / ~  (where  s << 1 i s  the  d i s t a n c e  f r o m  the  o u t s i d e  to t he  t ip  of the  

c r a c k ) .  L e t t i n g  ~ t e n d  to fie a n d  s e t t i n g  m = Vo/c2, we o b t a i n  an  e x p r e s s i o n  for  ~zz  in  the  n e i g h b o r h o o d  of  
t he  t ip  of the  m o v i n g  c r a c k :  

~ z z = F  (m, v) {(p--qo)-{-qo(p(m, a, v)} 

] (m, "~) = [m~(t --  4k ~) + 4ke] K ( V ~ )  - -  4 (1 --  m~k ~) K ( ] / ' i ~ - ~  ~) 
t 8 

- -  ~-~ [m~ - -  4 ( i  + k s) m "~ + 81 E ( V ~ )  + ~ (t - m~k~) E ( V ~  

2am ]/(t  - -  r 2) (t - -  ~) (a 2m~K ( } / - ~ )  
(m, a, V) = :~ [( a~m2 __ 2) ~ __ 4 V'(I --  cx~mO"k ~) (t --  a2rn~)] 

4 4 : - - .  k ~ (a~m~ --  2) 2 

(7) 

T h e  s t r e s s  a t  the  t ip  of  t h e  c r a c k  w i l l  be f i n i t e  if  the  e x p r e s s i o n  in  b r a c e s  in  (7) i s  e q u a l  to z e r o .  
H e n c e  we o b t a i n  the  e q u a t i o n  r e l a t i n g  the  e f f e c t i v e  s t r e s s  p a n d  t h e  c o h e s i o n  f o r c e s  qQ wi th  the  p r o p a g a t i o n  
v e l o c i t y  of  t he  c r a c k  

p / qo = t - qD (m, ~, v) (8) 

R e l a t i o n  (8) i s  s h o w n  g r a p h i c a l l y  in  F ig .  2 for  v = 0 . 3 3 3 ,  w h e r e  c u r v e  I c o r r e s p o n d s  to a = 0.5 and  
c u r v e  II = a = 008. We p r e s e n t  the  r e s u l t s  of  a n  i n v e s t i g a t i o n  of  Eq.  (8) i n  c e r t a i n  l i m i t i n g  c a s e s .  A s  

~ 0, wh ich  c o r r e s p o n d s  to the  p r o p a g a t i o n  of  c o h e s i o n  f o r c e s  o v e r  the  e n t i r e  l eng th  of  t he  c r a c k ,  

P/q0 ~ 1 .  A s  a - - * l  the  e n d  r e g i o n  t e n d s  to z e r o ,  P/q0 ~ 0 .  T h e  v a l u e s  of m << 1, u s i n g  the  p a r a m e t r i c  
a d d i t i o n  f o r m u l a  fo r  i n t e g r a l s  of  the  t h i r d  k i n d  [3] a r e  r e p r e s e n t i n g  t h e  e l l i p t i c  i n t e g r a l s  i n  s e r i e s  f o r m  
[4], we o b t a i n  

t p 
= A --  "-~ rn~k~ In m k +  0 (rn~k~) qo (9) 

H ere 

B =: 

2 
A ---- i - -  --~ arc sin a 

2ak ~ (t - -  k s) 
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This equation gives the re la t ion  between the p a r a m e t e r s  p, q0, and m for  slow c racks  at va lues  of 
P/q0 > A. The solution P/q0 = A co r r e sponds  to the l imit ing equi l ibr ium of the c r ack  for  the stat ic  
p rob lem.  

To c la r i fy  the effect  of the dynamics  of  the end reg ion  on the veloci ty  of the c r a c k  we compare  
re la t ion  (8) with the equation 

p __ 2 V ' ( t - a ) m  
qo uF (m, v) 

(lO) 

which was obtained on the assumpt ion  that the s t r e s s  field c rea ted  by the cohesion fo rces  near  the end of 
the c r a c k  is quasi  s ta t ionary  in c h a r a c t e r  [2]. Curves  1, 2, and 3, in Fig. 2 co r r e spond  to Eq. (10) with a 
equal to 0.5, 0.8, 0.99, r espec t ive ly .  

F r o m  a compar i son  of cu rves  I and 1, II and 2, obtained at the s a m e  values  of the p a r a m e t e r  a ,  it is 
c l ea r  that  as a tends to unity the di f ference between the dynamic and quas i - s t a t i ona ry  solutions dec reases ,  
which is a t t r ibutable  to the reduced  r a t e  of growth of the end region.  In [2] it was found that  for  a given 
m a t e r i a l  there  is a ce r ta in  min imum ra t e  of  uniform c r ack  propagation.  Th i s  was because  of the a s s u m p -  
t ionthat  the end reg ion  d expands at a r a t e  v that does not depend on the propagat ion ve loc i ty  of the c r a c k  
itself:  

d = s t  (11) 

The re la t ion  cor responding  to (11) and quasi  s ta t ionar i ty  on the s t r e s s  field due to the cohesion fo rces  

qo uF (m, v) 

is r e p r e s e n t e d  by the dashed line in Fig. 2 for v / c  2 = 10 -2. He re ,  it is ass tuned that d = (1-o~ Vt. Then the 
c r ack  propagat ion veloci ty  m a y  be a r b i t r a r y ,  bounded above by Cs as G ~ 1 .  Given assumpt ion  (11), which 
co r r e sponds  to G = 1 - v / V ,  the solution obtained also leads to the exis tence  of a min imum c rack  p r o p a -  
gation veloci ty  for a given mater ia l~  
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